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============

It was shown in \[[@CR4]\] that the *quasi-Polish spaces* introduced in \[[@CR2]\] can be equivalently characterized as spaces of ideals in the following sense.

Definition 1 {#FPar1}
------------
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In this paper, we show some basic results on spaces of ideals, with an emphasis on the connections with computable topology. We also hope that our approach will help clarify the relationship between quasi-Polish spaces and domain theory (see *abstract basis* in \[[@CR5]\] or \[[@CR6]\]), and implicitly demonstrate how the theory of quasi-Polish spaces can be developed within relatively weak subsystems of second-order arithmetic (see the work on *poset spaces* in \[[@CR11]\]).

Computable Functions {#Sec2}
====================

Computability of functions between spaces of ideals can be defined in a way that is compatible with the TTE framework \[[@CR16]\]. We briefly review the TTE approach to computability on countably based $\documentclass[12pt]{minimal}
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Co-products {#Sec5}
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Examples from Computable Topology {#Sec7}
=================================

Completion of (Computable) Separable Metric Spaces {#Sec8}
--------------------------------------------------
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Completion of Computable Topological Spaces {#Sec9}
-------------------------------------------

A (countably based) *computable topological space* (also called an *effective topological space*; see \[[@CR8]--[@CR10], [@CR14], [@CR17]\]) is a tuple $\documentclass[12pt]{minimal}
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Note that the only effective aspect of this definition is the c.e. set *S*, and there are no specifications as to how the space *X* and the enumeration $\documentclass[12pt]{minimal}
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Since the effective part of the above definition is compatible with infinitely many computable topological spaces, a natural question to ask is whether there is any *canonical* computable topological space associated to a given c.e. set *S*. This question leads to Definition [4](#FPar6){ref-type="sec"} below. In the following, for any continuous function $\documentclass[12pt]{minimal}
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### Definition 4 {#FPar6}
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### Lemma 5 {#FPar7}
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### Proof {#FPar10}

The first claim follows from Lemma [5](#FPar7){ref-type="sec"} and Theorem [3](#FPar4){ref-type="sec"}.
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### Theorem 8 {#FPar13}
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